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Introduction

SAT solvers are the core of many automated reasoning tasks.

They are used in formal verification, planning, scheduling, and many other fields.

Mordern SAT solvers can deal with millions of variables and clauses.

CDCL solvers are the most popular solvers.

Solvers are built with complex data structures and algorithms.
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CDCL [SS99]

procedure CDCL(F )
while ⊤ do

C ← BCP() ▷ Boolean Constraint Propagation
if C = ⊤ then

if all variables assigned then
return SAT ▷ All variables are assigned

Decide()
continue

if No decisions then
return UNSAT

Analyze(C)
Backtrack()
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Notation and Jargon

π = τ · ω is the current assignment (also called trail).

A literal can be unassigned, satisfied or falsified (by π).

A literal can be unassigned, propagated, or not propagated.

A literal can be a decision or an implied literal.

The level of a literal is the number of decisions made before it was assigned.

A clause is unit (or propagating) if all but one of its literals are falsified (by π).

A clause is falsified (or conflicting) if all its literals are falsified (by π).
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CDCL at Play

C1 = v1 ∨ v2
C2 = ¬v2 ∨ ¬v3
C3 = ¬v2 ∨ ¬v4 ∨ ¬v5
C4 = v3 ∨ v5 ∨ v6
C5 = v7 ∨ ¬v4 ∨ ¬v8
C6 = ¬v4 ∨ v8 ∨ v9
C7 = v10 ∨ ¬v9 ∨ v11
C8 = ¬v11 ∨ v8 ∨ ¬v12
C9 = v12 ∨ ¬v13
C10 = v7 ∨ v12 ∨ v14
C11 = ¬v6 ∨ v12 ∨ v15
C12 = v13 ∨ ¬v14 ∨ ¬v16
C13 = ¬v15 ∨ ¬v14 ∨ v16

d
ecision

δ = 1

¬v1

ω →← τ
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Boolean Constraint Propagation

What is BCP?

BCP is the process of detecting unit clauses and propagating their assignments.
BCP also detects conflicts.
BCP is the most time-consuming part of the SAT solver.

Once a literal has been propagated, we do not want to look at it again.
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Two Watched Literals Scheme [MMZ+01]

What do we need to detect?

When a clause becomes unit.
When a clause is falsified.

Are all literals important?

As long as two literals are unassigned, the clause does not do anything.
If the clause is satisfied, we can ignore it.

What do we need?

Two literals per clause are enough. We call them the watched literals.
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Two Watched Literals Scheme [MMZ+01]

Invariant (Watched literals)

Consider the trail π = τ · ω. For each clause C ∈ F watched by the two distinct watched
literals c1, c2, we have ¬c1 ∈ τ ⇒ c2 ∈ π.

In other words, if one of the watched literals is falsified and propagated, the other watched
literal must be satisfied.

Theorem (Watched literals detect conflicts (simplified))

If the watched literals invariant holds, then no clause is falsified by propagated literals in τ .

Theorem (Watched literals detect unit clauses (simplified))

If the watched literals invariant holds, then no clause is unit by propagated literals τ and
not-satisfied by the partial assignment π.
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Watched Literals are Great!

Reduces number of clauses to check.
We can use the entire assignment, not only the propagated literals.
Backtracking becomes almost free.

Theorem

Backtracking preserves the Watched literals invariant.
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Watched Literals are Great!

Reduces number of clauses to check.
We can use the entire assignment, not only the propagated literals.
Backtracking becomes almost free.

Theorem

Backtracking preserves the Watched literals invariant.

To Link or not to Link? 13 / 33



Blockers

Trail

d ¬a b

W
at
ch

lis
ts

�a

¬a

b

��¬b

c

¬c

d

��¬d

e

¬e

C1 ¬b C2 ¬d C5 c

C0 d

C3 ¬c C5 c

C1 ¬b

C2 ¬d C4 ¬d

C3 ¬c

C0 d

C4 ¬d

C0

4 d ¬a ¬e ��¬b

C1

3 �a ��¬b c

C2

3 c �a ��¬d

C3

3 b ¬c ��¬d

C4

4 c e ¬a ��¬d

C5

4 b �a ��¬d c

Clauses

To Link or not to Link? 14 / 33



Blockers

Trail

d ¬a b

W
at
ch

lis
ts

�a

¬a

b

��¬b

c

¬c

d

��¬d

e

¬e

C1 ¬b C2 ¬d C5 c

C0 d

C3 ¬c C5 c

C1 ¬b

C2 ¬d C4 ¬d

C3 ¬c

C0 d

C4 ¬d

C0

4 d ¬a ¬e ��¬b

C1

3 �a ��¬b c

C2

3 c �a ��¬d

C3

3 b ¬c ��¬d

C4

4 c e ¬a ��¬d

C5

4 b �a ��¬d c

Clauses

To Link or not to Link? 14 / 33



Blockers

Trail

d ¬a b

W
at
ch

lis
ts

�a

¬a

b

��¬b

c

¬c

d

��¬d

e

¬e

C1 ¬b C2 ¬d C5 c

C0 d

C3 ¬c C5 c

C1 ¬b

C2 ¬d C4 ¬d

C3 ¬c

C0 d

C4 ¬d

C0

4 d ¬a ¬e ��¬b

C1

3 �a ��¬b c

C2

3 c
�a ��¬d

C3

3 b ��¬c ��¬d

C4

4 c e ¬a ��¬d

C5

4 b �a ��¬d c

Clauses

To Link or not to Link? 14 / 33



Blockers

Trail

d ¬a b c

W
at
ch

lis
ts

�a

¬a

b

��¬b

c

��¬c

d

��¬d

e

¬e

C1 ¬b C2 ¬d C5 c

C0 d

C3 ¬c C5 c

C1 ¬b

C2 ¬d C4 ¬d

C3 ¬c

C0 d

C4 ¬d

C0

4 d ¬a ¬e ��¬b

C1

3 �a ��¬b c

C2

3 c
�a ��¬d

C3

3 b ��¬c ��¬d

C4

4 c e ¬a ��¬d

C5

4 b �a ��¬d c

Clauses

To Link or not to Link? 14 / 33



Blockers

Trail

d ¬a b c

W
at
ch

lis
ts

�a

¬a

b

��¬b

c

��¬c

d

��¬d

e

¬e

C1 ¬b C2 ¬d C5 c

C0 d

C3 ¬c C5 c

C1 ¬b

C2 ¬d C4 ¬d

C3 ¬c

C0 d

C4 ¬d

C0

4 d ¬a ¬e ��¬b

C1

3 �a ��¬b c

C2

3 c
�a ��¬d

C3

3 b ��¬c ��¬d

C4

4 c e ¬a ��¬d

C5

4 b �a ��¬d c

Clauses

To Link or not to Link? 14 / 33



Blocker properties

Theorem

Let C be a clause watched by two literals c1, c2 and let b be the blocker literal. In
Non-Chronological Backtracking CDCL, if the blocker b is satisfied when ¬c1 is propagated,
then b will remain satisfied at least until c1 is unassigned.

Invariant (Bocked watched literals)

For each clause C ∈ F watched by the two distinct literals c1, c2 and with blocker b, we have

¬c1 ∈ τ ⇒
(
c2 ∈ π ∨ b ∈ π

)
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Blocker Invariant Illustration

C1 = v2 ∨ v1 ∨ v3
C2 = ¬v1 ∨ ¬v2 ∨ v4
C3 = ¬v1 ∨ v5
C4 = v4 ∨ v6 ∨ v1
C5 = ¬v4 ∨ v6 ∨ v1
C6 = v5 ∨ v1 d

ecision

δ = 1

v3

d
ecision

δ = 2

¬v1

v
5 ∨

v
1

v5

ω →← τ
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Reminder - Literal Indexing
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Reminder - Two Watched Literals
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Reminder - Blockers
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Does it matter?

Figure: Time spent dereferencing clause pointers in NapSAT. This was measured using perf for 52
seconds.
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Clauses in NapSAT

C0

· s0 b0

C1

· s1 b1

C2

· s2 b2

C3

· s3 b3

d a . . . a b . . . c a . . . b d . . .

Figure: Representation of clauses in NapSAT. Clauses are stored as a fixed size structure containing a
pointer to the literals, the size s of the clause, and a blocker literal b.
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Array Representation of Watch Lists in NapSAT

WL

v1

¬v1

. . .

a

¬a

. . .

b

¬b

. . .

C0 C1 C2 C5

C1 C3

C0

· s0 b0

C1

· s1 b1

C2

· s2 b2

C3

· s3 b3

C4

· s4 b4

C5

· s5 b5

C6

· s6 b6

d a . . . a b . . . c a . . . b d . . . c e . . . c a . . . e d . . .

Figure: Array-based representation of watch lists. The watch list of a is {C0, C1, C2, C5} and the watch
list of b is {C1, C3}.
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Array Representation of Watch Lists in MiniSAT

WL

v1

¬v1

. . .

a

¬a

. . .

b

¬b

. . .

C0

b0

C1

b1

C2

b2

C5

b5

C1

b′1

C3

b3

C0

· s0 d a . . .

C1

· s1 a b . . .

C2

· s2 c a . . .

C3

· s3 b d . . .

C4

· s4 c e . . .

C5

· s5 c a . . .

Figure: Array-based representation of watch lists in MiniSAT. The blockers are attached to the watch
list.
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Can we do better?

We know that each clause is exactly in two watch lists.
Because there are two watched literals per clause, and the clause is in the watch lists of the
two literals.

Do we need extensible data structures?

We could use a double-tailed singly linked list.
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Linked List Representation of Watch Lists

WL

v1

¬v1

. . .

a

¬a

. . .

b

¬b

. . .

d a . . .

a b . . .

c a . . .
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· s0 b0
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·

C1

· s1 b1
·

·

C2

· s2 b2
·

·

C3

· s3 b3
·

·

C4

· s4 b4
·

·

C5

· s5 b5
·

·

C6

· s6 b6
·

·

Figure: Representation of watch lists using the linked list data structure. The watch list of a is
{C0, C1, C2, C5} and the watch list of b is {C1, C3}.
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Why Linked Lists?

Table: Intuitive comparison of the array and linked list representation of watch lists.

Aspect Array Linked list
Dereference level 2 levels (−) 1 level (+)

Memory usage Extensible (−) Fixed (+)
Insertion O(1) or O(n) (−) O(1) (+)

Bookkeeping overhead Low (+) High (−)
Code complexity Low (+) Medium (−)
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Experiments
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T (linked list) = 2.91× T (array)

Figure: Random 3-SAT instances of the SATLIB with 250 variables.
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Going through the Array-based Watch List

WL
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. . .
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C6

· s6 b6

d a . . . a b . . . c a . . . b d . . . c e . . . c a . . . e d . . .

Figure: Iteration over the watch list of a in the array-based representation.
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Figure: Iteration over the watch list of a in the linked list-based representation.
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(Reminder) Going through the Array-based Watch List
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Figure: Iteration over the watch list of a in the array-based representation.
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Does it generalize to MiniSAT?
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· s2 c a . . .

C3

· s3 b d . . .

C4

· s4 c e . . .

C5

· s5 c a . . .

Figure: Iteration over the watch list of a in the array-based representation (MiniSAT).
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Is dereferencing so important?

Table: Comparison of the average runtime of the different watch list representations on the uniform
random 3-SAT instances of the SATLIB.

uf200 uuf200 uf225 uuf225 uf250 uuf250

Linked list 0.28 s 0.75 s 1.78 s 5.10 s 15.00 s 52.20 s
Array 0.20 s 0.44 s 1.10 s 2.63 s 6.80 s 17.92 s

Array with dereference 0.17 s 0.46 s 1.16 s 2.92 s 8.52 s 24.52 s
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Related Work

Thank you to the reviewers for pointing out the following related work:

The original implementation of watched lists in [MMZ+01]

Implementation and detailed analysis of linked lists in PicoSAT [Bie08]

This paper is an independent rediscovery of the same ideas.
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Contrast with PicoSAT [Bie08]

Table: (Simplified) Results of the experiments ran with PicoSAT and presented in [Bie08]

Version Solved Unsolved Sum Time (s) Sum Space (MB)
Linked list 78 22 38240 5793

Array 76 24 40334 6768

Discussion

Why are the results so different?
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Conclusion

Summary

We reimplemented the linked list-based watch list idea on modern hardware.
We empirically showed that the array-based watch list is faster.
We discussed the importance of dereferencing pointers.
We conclude that the linked list-based watch list is not a good idea.
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